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Random Composition of Two Rational
Maps: Singularity of the Invariant Measure
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We study the invariant measure of a Markov chain obtained by randomly com-
posing two rational maps related to the Anderson model with a Bernoulli
potential. For a certain range of the parameters we show that the invariant
measure is singular continuous. In certain cases the support turns out to be a
Cantor set with a multifractal structure.
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1. INTRODUCTION

This paper is concerned with the following problem, which arises in the
mathematical theory of one-dimensional disordered systems. We refer the
reader to the early works by Dyson and Schmidt and to the review by
Ishii. ")

Let {v,} be iid. random variables with values in {0, 1} and for A >0
let ¢; be the solution of the Cauchy problem for the difference equation of
the Schrodinger type:

[20(n) ~ E $(n) = g+ 1) + §(n — 1) (11)
p-D)=a  $0)=P

where a, B are real and E R has the physical interpretation of an energy.
We introduce the random variables

z,=¢i(n—1)/¢;(n)
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It is readily seen from (1.1) that the variables z, obey the random recursion
relation

anl/(/lvn—_E_Zn—l) (12)

and thus they form a Markov chain in R. If we denote by p = Prob(v=0)
and by v=v,; the invariant measure of the chain [whose existence is a
basic result of Furstemberg; see, e.g., Ref. 2, p. 307, then the question we
raise is the following: under which condition on A and E is the measure v
absolutely continuous with respect to the Lebesgue measure?

This particular problem is actually part of the more general question
of the long-time behavior of a Markov chain obtained by randomly com-
posing two (or more) maps in some metric space. This kind of stochastic
process arises in different fields, such as the statistical mechanics of
disordered magnets,®’ in discrete biological models,® or in the theory of
random perturbations of dynamical systems.® In this work we will
concentrate on the particular case described above where the maps are
unimodular; in a subsequent paper we will consider more general
situations. In our context very interesting but nonrigorous results have
been obtained by Derrida and Gardner® by means of perturbation theory
around the free case A=0, their results indicate a positive answer to the
above problem for 4 <1 and E close to one the special values

E,,=2cos(ng/L), k,qeN (1.3)

On the other hand, Pincus!”’ showed that if each of the two rational maps
that appear in (1.2),

To(x)= —1/E+ x, T(x)=1/A—-E—x (1.4)

has two fixed points, one stable and the other unstable, then under some
extra condition on E and 4, the support of the invariant measure becomes
a Cantor set of zero Lebesgue measure. In this case v becomes singular
continuous, since by very general results v cannot be pure point
(Ref. 2, p. 30). Pincus’ condition is, however, inadequate to discuss the
mathematically interesting case when at least one of the two maps is
elliptic. This occurs for E in the set [ —2,2] U [A—2, A+ 2], that is, when
E is in the spectrum of the infinite stochastic Jacobi matrix given by
Eq. (1.1) looked upon as a bounded operator in [*(Z) (see, e.g., Ref. 8).
From the physical point of view, it is precisely for these values of the
energy E that the problem becomes relevant, since a detailed knowledge
of the invariant measures of the variables z, provides a great deal of
information about the spectral properties of H (see, e.g., Ref. 2, Part B,
Chapter 2).
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In this paper we show that if 1 is taken large enough, depending on p,
but not on E, then the measure v becomes singular continuous. In order to
state our result in a precise way, let us introduce the Liapunov exponent
given by the formula

(4, E)= —f dv; g(z) In(|z}) (1.5)

According to Furstemberg’s basic result, y is strictly positive for any 4 >0
and any EFeR and it expresses (with probability one) the rate of the
exponential growth of the solution of (1.1) for a fixed initial condition.
More precisely, one has

7(4, E)=lim (1/n) log |$;(n)] (1.6)

for almost all the configurations {v,} in {0, 1}* with respect to the
Bernoulli measure of parameter p.
With the above notations our main results can be expressed as follows:

Theorem 1. If y(4, E)>In(2)/2, then v is singular continuous.

Corollary. If A>exp[In(2)/2K(p)] with K(p)=(1—p)*2[1+
(1— p) p*], then v is singular continuous.

The corollary is a simple consequence of Theorem 1 and of the
following result due to Martinelli and Micheli®:

infy(4, E}> K(p) In(2) (1.7)

Remark 1. The above theorem is the exact analogue of a result
proved by Carmona ef al."’?) for the integrated density of states (ids) N(E)
of the random matrix H. As is well known, the ids N(E) can be expressed
in terms of the invariant measure by

NE)=[ v, 2) (1.8)

— 0

Remark 2. For general results concerning the relationship among
Liapunov exponent, entropy, and dimension of the measure v, see Ref. 11.

For the special values of the energy E in [ —2, 2] given in (1.3) with ¢
and L relatively prime, it is possible to compute in a rather explicit way the
support of the invariant measure at least for A large. The reason is that for
such energies the Lth power of the map T, becomes the identity and this
simplifies the problem considerably. Our result is the following:
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Theorem 2. Let E=2cos(ng/L), with g and L relatively prime
integers. Then there exists a A.(L) such that if 2> 4 ,(L), then the support
of the invariant measure is contained in a Cantor set of zero Lebesgue
measure.

One may ask at this point whether the critical value of 1 given by
Theorem 2 is such that Theorem 1 aiso applies, namely if y(4,, E) > In(2)/2.
We analyzed this problem for the special case E=0, namely L =2, and we
found that 1.2)=2, while y(i,, E)<In(2)/2 for any value of the
probability parameter 0 < p < 1. Thus, in this case Theorem 2 gives a more
refined result.

In this particular situation we also analyzed numerically the structure
of the support of the invariant measure and we found that it is a Cantor set
with a multifractal structure. For this last part we followed the approach to
multifractality suggested in Ref. 12.

2. PROOF OF THEOREM 1

In order to simplify the exposition, we first fix some useful notations.
We denote by w, a sequence of 0’'s and 1’s of length L, by w,{j) the
number at the jth position in the sequence, 1 < j< L, and by

P(w, )= p*UerN=0}(1 _ py# et =1}

its probability. Given a sequence w,, we can associate to it the rational
map T, obtained by composing the maps T, T in the order given by w, :

T, =Toy° 2 Tu2y° Tur) (2.1)
If we write
a,x—b,
S et e 2.2
=TT, (2.2)

then we have the recursion relation
a;,=¢Cp
bL:dL—l
c,=[Ao (LYy—Elc, ,—a;_,
dL=[Aw, (LY—Eld, _,—b,_,

(2.3)

From (2.3) we also obtain the identity

apd,—byc,=a, d, _—by_1c;_, (2.4)
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which implies
a;pd,—be =1 (2.5)

Finally, we will denote by S the point x=d,/c, where the map T,
becomes singular.

It is now possible to explain in simple terms the idea behind the proof
of our main theorem.

Using Fustemberg’s result on the positivity of the Liapunov exponent
y(4, E), we will show that with large probability, the map T,, will be
almost flat with the exception of a tiny interval around the singularity,
where it will be extremely steep with derivative T, = o[exp(2yL)]. This
fact will imply that a large portion of the real line will be mapped by 7,
into a small interval of size Ofexp(—2yL)]. Since the total number of these
intervals as w, varies does not excede 2%, if y is as in the theorem, we have
that with large probability the process z, will lie in a set of vanishing
Lebesgue measure as L tends to infinity, and the result will follows.

We now start with the technical details.

Lemma 1. For every ¢>0 the probability

d
P (E;_ Tlex=0<e_(2y-E)L> -1

as L — +oo.
Proof. By direct computation
T,,,(0)= L/d? (26)
Since it is well known that

lim (1/L)In|d. | =y as. (2.7)
L—> oo
(see, e.g., Ref. 2, p. 228), the lemma follows immediately.

Lemma 2. Suppose that
T, (0)<e =2t

then

e —(2y—¢g)L

TS5y
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Proof. Using (2.2) and (2.5), we get

1 1
(cpx— dL)2 dzL(l_x/S)z

T,,(x)= (2.8)

We are now ready to complete the proof of the theorem.
Let £>0, k> 2 and define for any w, the set

K, =[—k k] it |S|> 2k
=R\[S(1—¢), S(1+¢)] if [S]<2

with ¢ small enough and k sufficiently large.

Next we construct a deterministic set X = X'(k, ¢) of zero Lebesgue
measure but with positive v, provided k and ¢ are sufficiently large and
sufficiently small, respectively. We set

2= U U T,k (29)

i LziwLef

where
Q,={w.; T;)L(x)‘x=o<e_(2y~£)L}

By Lemma 2 for any w, € 2, the Lebesgue measure of the interval T, I
is smaller than

<4 et (2.10)

‘ wyr wL|

and therefore if 2 exp[ — (2y —¢) L] < 1, the Lebesgue measure of 2 is zero
since

|2 < lim ) 4-2%(i/e) exp[ —(2y —¢) L] =0 (2.11)

I— 0 Lzi

Using Lemma 1, we will now show that we can choose k and ¢ such that
v(2)=0.
We have in fact

v(2) = hm v< U TWLIIZJL)

wpEwL

> lim ) Plo,)v(I%) (2.12)
L_'OO(ULG.QL
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This last inequality is a simple consequence of the equation expressing the
invariance of the measure v:

v(d)=pv(T ' A)+ (1= p) v(TT ') (2.13)

for any ACB(R).
If we take A4 as

WL wy,
wp R

we get

T, I )=(1-p)v(T;! T, I* )
LWy L(U[_

wr ey WL €2y

pv<T01 U TwLIfDL)

wrefp

>(1—p)v( U T 1")

wreQpw (L)=1

+ pv ( U T, _ l[’(j,L) (2.14)

wreRpwi(L)y=0

By iterating (2.14) L times, we arrive at (2.12).
The rhs of (2.12) can now be bounded from below by

lim Y Plw,)v(E)

L—oo wr ey

= Llim P(Q,) min(v(—k, k), | |inf2k VIR\[(1 —¢),n(1+¢)])
> min{v(—k, k), ‘ ’iank [I—v(p(l1—¢),n(1+¢&))]} (2.15)

It remains to show that the rhs of (2.15) is positive for suitable k and &
This is, however, clearly the case, since v is a probability measure on R
nonconcentrated on a single point.

The above argument just shows that v must have a singular con-
tinuous component. However, it is easy to show that the measure v is
“pure,” ie., singular continuous. In fact if we define

r=UUT,~

L owrp

then clearly

822/50/5-6-12
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3. PROOF OF THEOREM 2

In this section we compute explicitly the support of the invariant
measure for energies of the form E =2 cos(ng/L) and we prove Theorem 2.
At the basis of our analysis is the following simple remark: If we consider
the composition of » maps T,

TE(x) = P.(x)/Q,(x)
where we write
P.(x)=a,x—b,

Qn(x) =CpX — dn

then we have the recursion relations

Ay 1= Cp
bn = dn
i (3.1)
Cnp1 = —EC,,‘“LI,,
dn+1= —Edn—bn
with a,=0, b= ~1, ¢,= —1, d,=E. These equations can be solved
explicitly for Ee (—2,2), E=2cos{, and one obtains
sin n{
C,= ————0= —
" sin { "
i 1
d,= _M (32)
sin {
sin(n—1) ¢
an = ————
sin {
Let us now consider the maps
c,x—d
T,Th= n n 33
= G B ex—d) — (@rx—by) (33)
The equation giving the fixed points (if any) of these maps is
e, x—d,=Ac,x*—Ad,x —a,x*+b,x
with A= A4 — E, that is,
Ad + [(Ad,)* —4d,(Ac, — 12
24,3 [Ud,) —4d, (2, — a,)] 34)

2(2"671 - an)



Random Composition of Two Rational Maps 1029

If A1d,] > |c,|, then
2*d?—4d, jc,+4d,a,>0

that is, we have two real solutions of (3.4)

(3.5)

x; 1s a stable fixed point, in fact:

d
z}; Tl Tg(x),x=xf,: [ll(cnx_dn)‘anx'}-bnjﬁzlx:x;

A 1 -2
=~ - g L= dd, (i, ~ a1 + by

which for large A behaves as
~(4d,) " +0(27) (3.6)

Thus, in conclusion, if the critical condition 2 |d,|> |c,| is satisfied, the
map T, T2 becomes hyperbolic with a stable fixed point of order 1/4 and an
unstable one of order o(1).

Let us now consider a value of the energy E of the form

E=2coslkn/(L+1)] (3.7)

with k and L prime integers and k<L + 1.

We have immediately from (3.2) that T5*!'=1. Moreover, the
condition 4 |d,|» |c,| is verified for any n< L —1 and 1 sufficiently large
depending only on L.

For n= L we have instead:

T\ Th(x) =T, Ty '(x)=x/(Aix + 1) (3.8)

Thus, in this case the stable and unstable fixed points coincide with the
origin and obviously (T, T5) (x)|,_o=1.

The graph of the maps 7,72, O0<n<L, in the interval
[0, maxg <, <, x3] is illustrated in Figs. 1 and 2.

Here n is such that x%=max, ., <, x, and the concavity of the map
T, T}y depends on the sign of its unstable fixed point. In the above picture
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,‘rf,lﬁr—r,yﬁiruuﬁ T

B.gl1 s IAJ__I R R i Ly | ]
7] a.1 8.2 8.3

Fig. 1. Graph of the maps 7, T3, 0<n<L, for E=1, A=4.

the reader will notice that for any 0<i< L, T, T%(x)— T, T%-'(x)> 0 for
any 0<x<x}, where n;=1L, n, =p. This is in fact true if A is taken
enough, depending only on L, and this, as will appear clear in a moment, is
the cause of the Cantor structure of the support of the measure v. To prove
it, we observe that in the interval [0, x:] all the maps T, T, 0<n< L, are
increasing, since their singularity S, is always o(1) compared with 1/A.

r;ﬁ T T T r T T T T T T L L

B.EF —]
L T, ]
8.4[“ -1
8.2+ T;\To __J
- A

a B 1 1 L l;l 1 1 1 1 l — 1 1 1 l

8.2 0.4 8.6
Fig. 2. Graph of the maps 7,74, 0<n<L, for E=0, A=22.
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Thus, it is enough to show that 7', Tg{(0) > T, Tg-i(x;) for any 0<i< L.

For i=1 we have

I\ Thg) = Crld T OB 1 <—15) (39)
VT x e Jd it B v o(/i) 22 \3
and
T, T30)="T,T3(x3)~ f:” d% T, T7(x)= % + 221,, +o0 <~13)
Therefore
T, T50)>T,Tg(x;) foranyn < L
Analogously, we can prove that
for i=2,..,L (3.10)

T\ Tg(0)>T,T§'(x;)
This easily follows from the following two inequalities:

s s L fCy Cn, 1
X = X, ;F(E__;_—) +o0 (z’g)

Hi—1

1 sin { sin(n;—n,;_,){ + (1)
Dsng,+ 1) singn_+ 1) \F?

I

1 1
>1—2|sin5sinjc|+o(7>, 1<j<L-1

U i 1
>-2'—281n2m—1+0(2—3-> (311)

and for xe [0, x;]
[T, To(x)—T, T'é(x;,)l

d 11 1
< sup E—Tl T5(x) lx_x;!éizdlz+0(7)g (F) (3.12)

xe [O,X;]

The first consequence of this analysis of the maps T, T} is the following:

Lemma 3. Let

L
Zo=[0,x,]u | TH00, x;]

i=1
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and let X be the support of the invariant measure v for an energy E of the
form (3.7); then

=P

Proof. X, is an invariant set for the maps 7, and 7, T}, 1 <i< L, as
clearly emerges from the previous discussion (see Fig. 2); furthermore, for
any x € R there exists a finite sequence of maps T,,,, such that T, e Z.
This clearly implies that with probability one the process z, will reach the
set X, in a finite number of steps.

Our knowledge of the maps 7,7} in [0, x3] enables us to state
even more than this: let G, i=0,1,..,L—1, be the intervals
[T, TH(xs), T, T+1(0)] (see Fig. 1 for the case E=0) and let

)

Then the same proof of Lemma 3 shows that X2 o> X" It is important at this
point to observe that for any 0<n, m< L, TZ[0, x31n T30, x31=f if 4
is large enough. i i

If we now consider the images of the gaps {G,} under the action of
the maps 7,7y, n=0, 1,.., L, then we will obtain new gaps in the set 2.
This is a consequence of the monotonicity of the maps T, T} in [0, x3].
The Cantor structure of the support X will therefore appear by iterating
the above argument infinitely many times. To be more precise, let us
introduce the set G of gaps produced after n iterations in [0, x3] and let

"=[0, x]\G'"™. Then clearly i

\ L
G+t =G [ U T, Tf)(G(")):'
i=1

Using again the monotonicity, it is easy to see that G”* " consists of the
union of the old set of gap G™ and of a certain number of open intervals
mutually disjoint strictly contained in B,, which represent the new gaps. If
we now set

then by the same proof of Lemma 3 we obtain:

Lemma 4.

L
ICB.u [ U, Ta(Bw)]
j=0
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In order to prove that the invariant measure is singular, we will show that
the Lebesgue measure of the Cantor set B, constructed by the previous
discussion is zero.

By construction, the set B, satisfies

L—1
Boo: U TIT{)(BOO)UTlTé(Boo)
j=0

=B=<HUT, T§B,) (3.13)
Fori<L
IT\Ty(BL)l < sup (dfdx) T\T§|By|=A]8B,]
xe[O,x;]
where |-| denotes the Lebesgue measure and 4 = o(1/4%). Therefore, we
have
[B&SD| <AL |B,,| with AL <1 (3.14)
if A 1.
For the map T; T} we have
d d
— T/ T=—T TE0)=1
x:[l:)gz] de LTOT gt 0(0)

and thus we need a more detailed control of [T, T§(B..)|. Let

B, =[(T, T§)*(x), T1 T§(x;)]

B,=T,T&B;_,), i=2,3,.. (3.15)
B,=B_ N B,
We have
Y 1Bl <C|B,l (3.16)
i=2
In fact
(B il =T T§(B) < sup (d/dx) T, T§ | B
x € B;
If we set

o;=sup (dfdx) T, T§(x)

x € By
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we get
1Byl < OCle1|
j=1
and
w0 oo i-1
Z |le<2 HaJ|B1|
i=2 i=2 j=1
To prove (3.16), we observe that
o« i~—1
Y a;<C
i=2 j=1
=<} w i-1
x;> z |B,| > 2 H Bj|Bl|
i=2 i=2 j=1

where

B.= inf (d/dx) T, T§(x)

x€ B;
and f,=u,_,, since

d2
=T T§(x)= ~24(hx + 1) ’<0

in [0, x;]. This implies

o i—1
w> a1 (143 T %)

i=2 j=1
where
a,=(d/dx) T, T§LT, T§(x;)]
By taking
C=x,/aoB=0(1)
we get (3.16).

From (3.16) we now get

T\ THB.) = 3 1B <(C+1)|B,]

i=1

(3.17)
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Since
B =T, T(’I(B(<L))
d (3.18)
|B1|<‘a7); T, T(I)‘ |B(<L)!:°f1 |B(<L)‘

x = (T1Tol(x)

From (3.14) and (3.17) we conclude that
|Boo| S |Bo| AL[14+(C+1) oy ]

with 4 = 0(1/4%); for A sufficiently large, this implies |B_| = 0.

Let us now examine the special case E=0 and /=2. Then the two
fixed points of the map T'; collapse together into the point x=1 and in
order to determine the structure of the support of the invariant measure in
the set (0, 1) we will have to consider only two maps:

T(x)=1/2-x), T=TcTo(x)=x/(2x+1)

Clearly the interval (1/3,1/2) is a gap and therefore the support of the
invariant measure inside (0, 1) is again a Cantor set. It remains to check
that its measure is zero and we will do that by redoing the previous com-
putation in a slightly more careful way. The reason for that is that the
point x =1 is no longer a stable point for the map T, and T(x=1)=1.

Let us denote by 4 and B the parts of the support S inside the
intervals ((1/2, 1) and (0, 1/3), respectively. Then we have

A=T,(4)u T,(B), B=T(4)u T(B) (3.19)
By iterating (3.19) infinitely often, we get that the Lebesgue measure of 4,
|A|, is bounded by

Al <|Ty(A)|+ sup Ti(x) ) |T"(4)| (3.20)

O<x<1/3 n=1

Since T"(x)=x/(2nx + 1), we get from (3.20) the inequality

[l <IT\(A)] +(9,25) ¥, (1/n’) |A]

n=1
= [T(4)| + (27/50) |A] (3.21)
Let us now write 4 as A=), 4,, where, 4, ,=T{4,)=Ti"!(4,) and
A, =A(1/2,T,(1/2)). Using the explicit formula for 79 '(x)=
1—[i—1+1/(1—x)]", it is easy to check that the following inequality
holds:

Y 14,1 <]A4,] T 25/(2n+5)> (3.22)

n=2 n=1
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which, combined with (3.21), gives

14, <|4,] {(27/50)[2 25/(2n+5)2]} (3.23)

n=0

A little estimate shows now that the numerical factor appearing in the rhs
of (3.23) is smaller than 1, thus proving that |4,| and a fortiori |A| and |B|
must vanish.

We now check that indeed for the case under consideration the
Liapunov exponent does not satisfied the inequality required in Theorem 1.
To do that, we used the following elementary upper bound on the
Liapunov exponent":

y<1/21og || (3.24)

where A is the largest eigenvalue of the 4 x4 matrix 4 defined as follows:

41—-p) —4(1-p) O 1
PRELEY) —1 0 0
21— p) 0 ~1 0

1 0 0 0

Using the explicit form of the matrix 4, it is very easy to see that its largest
eigenvalue A is strictly less than 2 in absolute value for any value of p in
(0, 1).

4. MULTIFRACTAL STRUCTURE OF THE INVARIANT
MEASURE AT £=0

In this section we investigate, mainly numerically, more deeply the
structure of the support of the invariant measure for E=0 and A>2. For
these values of the parameters we found in Section 2 that the part of the
support contained in [0, X, ], X being the stable fixed point of the map T,
is a Cantor set 2 and it is therefore a natural question to ask whether v
and X have a multifractal structure. By this we mean the following: let ¢ >0
and for xe X let B,(x) be the interval of length ¢ centered at x. Then one
expects that the v-measure of B,(x) will scale as ¢ goes to zero as

v(B,(x)) = ex™

If the scaling exponent a(x) attains different values on different sets of x’s,
then we say that v is multifractal (see, e.g., Ref. 13 for a nice review on this
subject). It is, however, important to recognize that in general for v-almost
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all x in X, a(x) is independent of x, a(x)=a® (see Theorem 5.1 of Ref. 11).
Values of o different from a°, say a(x) = o, are attained over subsets of X of
Hausdorff dimension f(«) smaller than that of 2.

These and related topics are discussed in an interesting paper,?
which stimulated subsequent work (see also Ref. 14 for a critical
discussion). In particular, in Ref. 15 all the statements that will follow have
been proved rigorously for the invariant measure of expanding Markov
maps on the unit interval.

In order to compute the scalings of the measure v, we first observe that
it follows in a trivial way that the restriction of v to the interval [0, x,]
coincides, apart from a normalization factor, with the invariant measure y
of the Markov chain in [0, x,] generated by taking the maps T and T
restricted to [0, x,] with probability p'=p/(1+ p) and 1 - p'=1/(1+ p),
respectively. Then the recipe to compute the dimension f(«) of the set of
singularity of strength o for u is the following:

For g, te R, let F(q, t) be given by

q
pr

.10, %01 *D

1
Flg, t)= Llijnw sup - In)

wr

and let #(qg) be the (unique) value of 7 such that F(g, t(g))=0. It is easily
seen that #(g) is a concave function of ¢, and its Legendre transform

f(oc)=mqin {qu—1(q)} (4.2)

gives the Hausdorff dimension of the set, where «(x)=a, provided that
Opin < & < Omax, WhEre opinimay=Mlm,_, ., t(q). Furthermore, f(«) is
concave with a unique maximum at a* and f(x*) coincides with the
Hausdorff dimension of the set X. In our context the existence of the
function F(q, t) is guaranteed by the following proposition (see the Appen-
dix for a proof):

Proposition 1. (a) Fl(g,t) exists for any ¢, and it is jointly
continuous in ¢, ¢ and strictly decreasing (respectively increasing) in ¢ ().

(b) There exists a unique continuous, concave, strictly increasing
function #(q) such that F(q, ¢{(q))=0 for any gq.

We did not attempt to prove the statement concerning the function
Jf(a), but we believe that the ideas in Ref. 15 should apply also in this case.
Instead, we computed numerically #(¢) and its Legendre transform f(a) by
exploring the contribution to F(g, t) of trajectories with length L=28. The
results for A=2.2 and p’=0.3 are given in Fig. 3 and show a continuous
distribution of scalings o« between the values «,,;, =0.5 and «,,,, = 1.2. The
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Fig. 3. Graph of f(«) for 1=2.2 and p’'=0.3.

“typical” scaling is a* =0.75, to which corresponds a value f(a*)=0.69.
Figure 4 plots instead the graph of the function D(q)=1(q)/(g—1). It is
important to observe at this point that it is quite difficult to obtain
reasonable numerical results for finite L (e.g., L =10) and negative ¢ and ¢
(of order —20) if the parameter p’ is greater than 0.5. The reason is that for
these values of the parameters the dominant trajectories in the sum in (4.1)
are those with very few maps T, and for such trajectories the small
intervals |7, [0, x, ]| do not scale exponentially in L, since 77(0)= 1.

lll!‘[lf]l’lllIYIT!rTIII[!IIY‘rI
1.2— —ﬁ
+ !
L 4
F 4
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I |
I ]
a.8r— —
r ]
j- -
0.6— —
FHN TR EVENEO PR ISR IR AV
~28 ~10 Q 10 20 38

Fig. 4. Graph of D(g) for A=2.2 and p'=0.3.
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APPENDIX. PROOF OF PROPOSITION 3

We split the proof into several steps.

1. We have
1 i, / Pl H
lim sup—{in - - - -+ =0 (A.1)
P L {wz Toaf0, 57 2 T70,00]
In fact
Pé / P < To,(x) )’
<max | ————
ZEIYLm[O,xs]V EE [T, ()] o \|T,[0,x,]
. 1( Lo, () > (A2)
mmj{ ——— .
IT,,[0, x,]
and

To(x)  Tol¥) 1
700501 To,@)x

<ELx

with ¢ =¢(w,).
We can now write

( L a)L(t) )
=T
mo U 5 Tea®
and analogously for £. Now
T;UL(I)( i)_ w,_(z)(ﬂ)
T T
21+ K, |x;— ¢l
21-K |x;— ¢ (A.3)

It remains to show that x,—¢; goes to zero as i— oo. By explicit
computation we get

xi—&l<B-i+1)"" Vo, (A4)

for a suitable constant §.
This estimate is very bad for a “typical” w,, but it is optimal for w,’s
with a iarge number of maps 7' By plugging (A.4) into (A.3), we get (A.1).
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2. Let

q
wy,

Fu(t, g)=supln Z T T
Then
Fi  <FL+Fy (A.5)
Subadditivity is just a consequence of the chain rule:
T, (X)) =T, (To(x)) - T, (x) (A.6)
Thus

F suplnz< P y Pa, )
bk T3 (x) ot T, [ T0 (%) ]
P,

+sup1nZ[T T

P
1
Sswpln ) T

= +F

Using 1 and 2, we get the existence of the function F(g, t). Joint continuity
of F(q, t) in g, ¢t follows by straigthforward estimates.

To prove strict monotonicity of F(g, ?) as a function of ¢, we need the
following result:

3. We have
1 pi,
F(g, )=l 1 —_—
(g, #)= lim sup “sz 7,00, x,]|"
1 (>n) pr
=1 —1 —_——
LT}‘O Sl)lcp L " wZL iTwL[O’ xs]lt

with n=alL and a <1, where 3> is the sum over all w, with more than
n maps T,. In order to prove this identity, we use the following remark:
Let w, be a trajectory with n maps T, ; we denote by k the number of bloks
of maps T of length m;, i=1,.., k, that is, > ¥ m,= L —n; then

6=1T,,[0, x,]| =>exp(—pn—2cn) exp[ — L exp(—c)] (A7)

where e # =inf, T, and ¢ is a suitable constant.
In fact, since T"(x) = x/(Amx + 1), and therefore

[T™(x)] = (Amx+1) 2= (Amx,+ 1) "2 = D/m?
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for D sufficiently small, we have
k k
0>e ] D/m2=e Ple=*In(1/D) ] 1/m?
1 1
By using the Jensen inequality and the obvious remark k <n+ 1, we have

In <[f1 m%) =2k§ (1/k) In m, < 2k In [f (1/k) m,.]

=2k In[ (L —n)/k]<3kin(L/k)
By studying the function x In(L/x) it is easy to see that

kIn(L/k)< ck+ Le™¢

for any ¢ >0, which proves (A.7).

Now we come back to the proof of identity 3. The sum }_,, appearing
in the definition of F(g, t) is split into two sums > {**") and Y{>**) where,
as before, in the first sum we consider only the trajectories with at most oL
maps T,. By means of the estimate (A.7) together with the trivial one

|T,.[0, x, ]| <e #" (A.8)

where 7 is the number of maps 7, in T,, and e # =inf, T, (x), it is easy
to see that it is possible to choose the constant ¢ in (A.7) sufficiently large
and « sufficiently small in such a way that }.(<* <3 (>0 for any L

sufficiently large. This shows that
(>al)

F(g, t):-Llim (1/Lyln Y

wy,

Once this has been established, it is easy to see, using again (A.8), that
F(q, t + 6) > ad + F(q, t}. Strict monotonicity in ¢ follows by direct inspec-
tion as well as the other statements of the proposition.
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